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Abstract. Complete controllability of finite dimensional quantum systems with 
energy level degeneracy is investigated using two different approaches. One 
approach is to apply a weak constant field to eliminate the degeneracy and 
then control it using techniques developed for non-degenerate quantum systems. 
Conditions for the elimination of degeneracy are found and the issue of influence 
of relaxation time of constant external field to the target state are addressed 
through the fidelity. Another approach is to control the degenerate system by a 
single control field directly. It is found that the system with two-fold degenerate 
excited states and non-degenerate ground state arc completely controllable except 
for the two-level system. Conditions of complete controllability are found for both 
systems with different energy gaps and with equal energy gaps. 
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1. Introduction 

Quantum control is essentially understood as a coherent or incoherent manipulation 
of a quantum system, which attempts a time evolution from an arbitrary initial state 
to an arbitrarily given target state [U [51 [31 2] . It was first proposed by Huang et. al. 
in 1983 [5| and was then further developed for application in the control of chemical 
reactions. In recent years, the controllability of quantum system has been well defined 
[3 [71 [5] and investigated using algebraic methods [HI [IH] , graph methods [TTl [T^ and 
transfer graph methods [T^ . Cabrera et. al. investigated a sufficient condition for the 
state control of symmetric degenerate quantum systems and found that the underlying 
Lie algebra could be the symplcctic algebra rather than su(A^) [T3]- However, it 
seems that the control of quantum systems with energy level degeneracy has not been 
investigated systematically in the literature and it is obviously significant to investigate 
quantum control of systems with energy level degeneracy. 

In this paper, we shall present two different approaches to the controllability 
of finite dimensional quantum system with two-fold degenerate excited states and 
non-degenerate ground state. One approach is to first eliminate the degeneracy 
using a constant excitation field and then control it using the techniques developed 
for the control of non-degenerate system. In this approach one has to choose the 
proper external excitation field such that the energy structure of the degeneracy- 
eliminated system meets the controllability criteria for the complete controllability of 
non-degenerate system [21 [TU]. In quantum control we generally require that the 
control fields attenuate to zero when the target state is achieved. However, the 
excitation field is a constant field and we cannot switch it off instantly when the 
target state is achieved, rather the excitation field tends to zero in a period of time 
(relaxation time) and this will definitely cause a shift of target state. We shall examine 
how much the final state shifted from the target state by evaluating their fidelity. We 
find that the shift of final state from the target state is minor if the decay time is 
short enough. 

Another approach is to use a single external control field to control the degenerate 
system directly without eliminating energy degeneracy first. Complete controllability 
is systematically investigated using Lie algebra method. Lie algebra method is 
an important method for the investigation of both classical |15| control theory 
and quantum control theory [9l [TOl [16]. It is found that the degenerate systems 
can be completely controlled through a single control field if some conditions are 
fulfilled except the simplest two energy level system. Controllability conditions are 
algebraically found. 

This paper is organized as follows. In Sec. II we formulate two control schemes 
and fix some notations. In Sec. HI we investigate the control of degenerate system by 
eliminating the degeneracy using constant excitation field. In Sec. IV we turn to the 
direct control of degenerate system using single control field. We conclude in Sec. V. 

2. Control of the system with energy degeneracy 

Consider an A'^-level quantum system described by the following Hamiltonian 



N P, 




(1) 



ri=lfc=l 
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where i?„ is the eigen energy of the n-th level and |n, k) are eorresponding eigenstates. 
Here we only consider the case where the ground state is non-degenerate and all excited 
states are two-fold degenerate, namely 

_ J 1, when n^l; 

~ \ 2, when n>2. ^ > 

Our aim is to steer the system ([l} to an arbitrary given target state by interacting 
with classical fields. As the controllability of finite systems without degeneracy has 
been extensively studied [H [U [10] , a natural idea is to apply a constant excitation field 
to eliminate the energy degeneracy and then control it using the techniques developed 
for the non-degenerate system. Suppose that the interaction Hamiltonian between 
the excitation field and the system takes the following form 

N-l 2 

iJc = ^ ^^.g„fc,„+ip {\n,k){n+ l,p\ + \n + l,p){n,k\) 

n=l fc=l p=l 

N 

+ 9nhn2 {\n, 2| + \n, 2){n,l\) , (3) 

n=2 

where gmn,pq are real constants. Then apply the control fields to control the excited 
system. In this paper, we are particularly interested in the case of a single control 
field. In this case the interaction Hamiltonian takes the following dipole form 

N-l 2 

Hi = ^ ^^(i„fc,„+ip(|7i, fc)(n + + |?i + fc|). (4) 

n=l k=l p=l 

Then the total Hamiltonian of the control system is 

H = Ho + H, + f{t)Hi, (5) 
where /(<) is the classical control field. For this scheme we need to address two issues: 

(1) After the degeneracy is eliminated, whether the degeneracy-eliminated system 
meets the controllability criteria given in the [HI [IH] ; 

(2) In quantum control, we generally require that the control fields approach to 
when the control time T is reached and the target state is achieved. But for the 
constant excitation field removing the degeneracy, we have to turn it off when 
the target state is archived and this relaxation needs time which may cause the 
target state a shift. So we need to answer how the relaxation time affect the 
target state. 

We will address both issues in Sec. [3] 

Another approach is to control the system ([T]) using the control field Q directly, 
just like the control of non-degenerate system. In this case the Hamiltonian of the 
total control system is 

H = Ho + f{t)Hi. (6) 

We will see in Sec. S] that the system can be completely controlled if some conditions 
about the coupling constants in Hj are satisfied except the simplest two energy level 
system. 
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Let us fix some notations we will use hereafter. For convenience, let us denote 
^ij,ki — \hj){k,l\ and define the following skcw-Hcrmitian operators 

Xnk,mi = i {\n, k){m,l\ + \m, l){n, k\) , n < m, 
ynk,mi = \n, k){m,l\ ~ |to, l){n, k\, n < m, 

hnk,mi=i{\n,k){n,k\-\m,l){m,l\) , n < m, (7) 

on the Hilbert space of the considered system with dimension 2(A^ — 1) + 1 = 2N — 1. 
Those operators generate the Lie algebra su(2iV — 1). To prove the complete 
controllability, we need to prove that the Lie algebra Lq generated by iHq and iHj is 
su(2A^ — 1), or in other words, generate all operators in ([7]). In fact, we only need to 
prove that HIq and iHj generate the following operators 

Xnk,n+lh ynk,n+lh hnk,n+lU I < U < N - 1] k , I = 1 , 2 , (8) 

as from those operators wc further have 

ll,yn+ll,n+2p] — ynk,n+2p, 
— 2 ^ [Xnk,n+2p,ynk,n+2p] — hnk,n+2p, (9) 

and then all elements in ([7]) recurrently. Therefore the system is completely 
controllable if elements ([8]) can be generated by iHo and iHj. 



3. Control by elimination of degeneracy 

Let us first briefly discuss conditions of complete controllability of degenerate systems 
by eliminating degeneracy through a constant classical field. Suppose that the 
excitation field is week enough that we can use the perturbation theory to evaluate 
the new energy structure of the system. It is easy to find the first order approximation 
of the eigen energy 

Er,k = E„ + eI'^, (10) 

where E^^i = —\gni,n2\ and E'^^ = |5rii.?i2|- As the excitation field is week, wc can 
require the degeneracy-removed system does not have energy level crossing 

En+l.l > En,2- (11) 

To meet the controllability criteria for non-degenerate system given in HU], we 
require that, for example, the first energy gap {E2 ~ T2) ^ Ei is different from any 
others, namely 

iE2 - T2) -Ei^ {En + r„) - {En - r„) = 2r„, 
{E2 - T2) -Ei^ {En - r„) - {En-i + r„_i), 

(n = 2,3,...,27V-l), (12) 

by proper choice of the coupling constants gni.n2- The system is thus completely 
controllable if conditions ([TT]) and are fulfilled. 

We then address the issue of the infiuence of relaxation time to the target state. 
Assume that the system has been driven to the normalized target state at time T 

N /3„ 
n—l p—1 
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Wc then switch off the constant excitation field and, without losing generality, we 
assume that this process is governed by the Hamiltonian 

H = Ho + e-^^-'^^'^He, t > T, (14) 

where r is the relaxation time. From standard time-dependent perturbation theory, we 
can easily obtain the the state of the first order at the time of half decay Te = Tln2 + r 

N f3,„ 

\MTe)) = E E (^'"^■(^) + ^l^i(Te)) |m, fc), (15) 



m— 1 k—1 



where 



p=l 



p=l 

fir, 



mk^mp 



E ^m,m+i(T)(l--e^"'"-'"+i^'"2^a„+i,fe(r)g,„fe,™+ip. (16) 
p=i 

and UJmn = {Em - En)/h, gmk.np = {m, k\He\n, p) , Em.m±lir) = l/{Em - Em±l + 
ih/r). 

To compare the difference between target state and \^-)i{Te))^ we examine the 
fidelity F between two states 

mT)\^Pi{T,))\^ _ |(v>(r)|v>,(r,))|^ 

It is obvious that in the ideal case r — !■ 0, (^^^.(re) — s- and thus F — > 1, as we 
expected. As the excitation field is week, one generally has \Hmk,np/ {Em — En)\ ^ 1. 
So if the relaxation time t is short enough (This means generally it is much less than 
the characteristic time of the atom, ~ lO^^^s), C^]. is small and the fidelity between 
the target state and final state is close to 1. 

In FigHJ we plot the fidelity against the relaxation time r for two level system 
with ground state non-degenerate and excited state two-fold degenerate. It is easy to 
see that the fidelity depends on the ratio of coupling density and energy gap sensitively. 
In fact, the perturbation theory requires that the density matrix elements are much 
smaller than the energy gap. If the ratio is 10^'^ or 10~^, the fidelity is quite close to 
1 and shift of final state from the target state is minor. For ratio is about 10"'^, we 
find that the fidelity is getting smaller to 95% when the relaxation time is 10~^^s. 



4. Control v^fithout system excitation 

In previous section, we presented a scheme of control of degenerate system through 
eliminating degeneracy by constant excitation field. We naturally ask whether we 
can control the degenerate systems directly without removing the degeneracy. In this 
section, we shall address this issue. 

Define the energy gap ~ — Ei > {i — 1, 2, ■ • • , — 1) hereafter. 

We start by proving the following lemma. 
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Figure 1. Fidelity against relaxation time r. The energy gap E2 — E1 is chosen as 
IcV and Cii,C2i,C22 are chosen as l/\/2, 1/2, 1/2 respectively. Corresponding 
to four curves from top to bottom, we take matrix elements gii,2l = 911,22 which 
are chosen as 10"^'^, 10~^^, 10"-^^ and 10"-^°, respectively. 



Lemma 1 // the condition 

dnl,n+lldn2,n+12 7^ dnl,n+12dn2,n+ll, (2 < « < — 1) 



and 



is satisfied, and x 11^21, x 11,22 e Lq or y 11,21, y 11, 22 G Lq, then Lq 
N > 3 and the system is completely controllable. 

Proof. From 2:11.21, 2:11^22 G Lq, we obtain 

/i^f^ [iHo, a;ii,2i] = 2/11,21 e Lq, 
/ij^^ [iHo, 0:11,22] = 2/11,22 G Lq, 

— 2""^ [Xll,21, yil,2l] = ^11,21 G Lq, 

— 2 ^ [2:11,22,2/11,22] — ^11,22 G Lq, 
Vo = iHo - (rfii, 212:11,21 + rfii, 222:11, 22) 

N-l 2 2 

= dnp,n+lkXnp,n+lk G Lq. 

n=2 p=l k=l 

[/ill, 21, ^0] = (^21,312/21,31 + ^21, 322/21, 32 G Lq, 
[/ill, 22, Vq] = ^22, 312/22, 31 + ^22, 322/22, 32 G Lq, 
~ M2 ^ [ii/o, ^21, 312/21, 31 + ^21, 322/21, 32] 

= <^21, 312:21, 31 + ^21, 322:21, 32 G Lq, 

— /i2 ^ [ii/o, ^22, 312/22, 31 + ^22, 322/22, 32] 
= (^22, 312:22, 31 + (^22, 322:22, 32 G Lq. 



(18) 

su(2A^ - 1) when 



Then we have 



(19) 



(20) 



(21) 
(22) 
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On the other hand, we also have 

- [2:11,21,2:11,22] = 2;21,22, 

~ [2/21,22,(^21,312:21,31 + (i21, 322:21, 32] = £^21, 312:22, 31 + ^21, 322:22, 32, (23) 
[2/21,22,^22,312:22,31 + C^22, 322:22, 32] = '^22,312:21,31 + C?22, 322:21, 32- (24) 

From Eqs. (j211l24[) . under the condition c?2i, 32(^22. 31 7^ c^2i, 31^^22, 32, we find that 
2:21,31,2:21,32 G Lo, and similarly, from Eqs.jm [23]), we have 2:22,31,2:22,32 G Lq. 
Repeating this process for N ~ 2 times, we can finally have Xnp,n+ik & Lq [1 < 
n < N - l;p,k = 1,2), and 2/np,n+ifc e Lq {1 < n < N - l;p,k = 1,2) by 
evaluating their commutation relation with HIq. Those operators generate the Lie 
algebra Lq = su(2A^ ~ !)• 

The controllability of two-level system 

Let us first consider the simplest case, the two-level system with non-degenerate 
ground state and two-fold degenerate excited state. The interaction Hamiltonian of 
the system and control field can be written as 

ii// = (iixii,2i + ^22:11,22, (25) 

where we have written di = (in, 21 and d2 = cJii_22 for convenience. The dynamical 
Lie algebra ig is generated by ii?o and iHi. It is easy to see that 

[iHo,iHi]^ fiiH}, (26) 

mj = di2/ii,2i + c?22/ii,22 e Lo, (27) 

where n — E2 — Ei. Commutation relations 

[iHi,iH}] = 2iH] e Lo, (28) 

m] = d\h2isi + ^1^22:21,22 + ^2^22, 11, (29) 

give rise to a new Lie algebra element iH^. Four elements {iHo,iHi,iHj ,iHf^ span 
an 4-dimensional Lie algebra with the following closed Lie product 

[iHo,iHi]^ fiiHj, [iHa,iH}] ^ -fiiHi, [iHa,iH]]^0, (30) 

[iHi,iHf\ = -2{d\ + dl)iH], [iH},iHf\ ^2{dl+dl)iHi. (31) 

From (I2H1) and (ini), we find that {iHj,iH} ,iHj} span an 3-dimensional Lie algebra. 
Define 

^ iHi, ly^ =iH}, tz= —=^==tH], (32) 



we find the standard commutation relations of su(2) 

[ix, iy] = iz, [iy, iz] = ix, [iz, ix] = iy. (33) 
Defining a new element i/iq to replace HIq 

^^°"^''°"2(d!Tdi)*'^'' 

we can check that 

[ihi),ix] = [ihQ,iy] = [ihQ,iz] =0. (35) 

Therefore, for 2-level degenerate system, the Lie algebra generated by HIq and iHi is 
su(2) ©u(l), not su(3), namely, the system is not completely controllable. 
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4.2. Three level system 

For explicitness, we consider the three-level system in this subsection and we will see 
that this system is completely controllable if some conditions are satisfied. The system 
Hamiltonian and the interaction Hamiltonian can be explicitly written as 

^^0 = -£'1611,11 + £'2621,21 + £2622,22 + £3631,31 + £3632,32, 
iHi ~ (iii,2i a:ii,2i + c?ii,22 2:11,22 + 0^21,31 2:21,31 + ^21, 32 2:21,32 

+ ^22, 31 2:22,31 + C?22, 32 2:22,32- (36) 

It is easy to find that 

Vi= ~[iHo,[^Ho.tHi]]-^ijiiHi) 

= (a^i - M2) (c^ii, 212:11, 21 + rfii, 222:11, 22) e Lq. (37) 
Let us consider two different cases. 

Case I: yUi ^ ^2- fl^i^ case, from ([57| . we can obtain that 

V{ = dii,2i 2:11,21 + dii,22 2:11,22 e Lo, (38) 
Vi = ^^^[iHo, Vl] = dii,2i yii,2i + rfii, 222/11, 22 e Lq. (39) 

It should be noted that Vi , V{ and 

^0 = ^[Vi, Vl] = i{dli 21 + ^11,22)611,11 - «rfn, 21621, 21 

- idii 22622,22 - rfii. 21^11, 22 2:21,22, (40) 

generate the Lie algebra su(2). For the two- level system discussed in previous 
subsection, except iHo, we cannot generate any other elements as we cannot separate 
the sum (|38l39p into 2:11,21 G £0 and 2:11,22 G £0. But fortunately, for iV-level system 
(iV > 3), this can be achieved with the help of terms X2i,3j in iHi. To see this, we 
can evaluate the commutator of Vi with iHi — V( 

V2 = \Vi,iHi — V{] = (dll. 21(^21, 31 + dll, 22(^22, 31) 2/11,31 

+ ((rfll, 21^21, 32 + <ill, 22^22, 32) 2/11,32, (41) 



and 



where 



^3=Mr'[*^0,[V2,*-ffl-F/]] 

= (Prf21,31 + qd21.32) 2/11,21 + (^^22,31 + 9^22,32) yil,22, (42) 



P — '^11,21'^21,31 + '^11,22'^22,31, 9 — ^11, 21 ^21, 32 + (^11,22^22,32 • (43) 

From pop and (|35|), we obtain 2/11.21,2/11.22 G £0, when 

dll,2l(prf22,31 + 9^22,32) # rfll, 22(25^21,31 + 96^21, 32)- (44) 

If we further require (i2i. 311^22. 32 7^ c?2i, 321^22. 31, from Lemma [U we conclude that the 
3-level system with different energy gaps is completely controllable. 

Case II: /xi = /Lt2 = /i. 
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In this case, Eq. p7p is vanishing and no new element is generated. We can verify that 



Vi = ^ [iHf), iHi] = dll,2iyil,21 + rfll,22yil,22 + ^21, 312/21,31 
+C?21,32j/21,32 + ^22,312/22,31 + ^22, 322/22, 32 £ Lq, 

i{£ 



(45) 



■2 

11,21 



'^11.22)611,11 



'^21,31 



"21,32 



'^ll, 21)^21, 21 



^22.31 



"22.32 



'^ll,2l)'522,22 



■21,31 



'^22,31)631,31 



-*('^21,32 + '^22,32 )'332, 32 

— ((^11, 21(^11, 22 — ^21, 31 '^22,31 ~ ^21, 32^22, 32)2^21, 22 
-(^21 ,31(^21,32 + ^22, 31^22, 32)2:31, 32 G Lq- 

From Vq and Vi, we have 

V2 = [ii^o, [^1, Va]] = di/_2i 2/11,21 + c?ii,22 2/11,22 

+'^2l!3l2/21,31 + C?2l!32 2/21,32 + c'22^31 2/22,31 + '^22'!32 2/22,32 € -^0, 

where the coefficients d'-^^ satisfy the following equations 



I "11,21 
\ "11,22 

/ "21,31 
"21.32 
"22,31 
\ "22,32 



Gi 



^11,21 
^11,22 



/ ^21, 31 
^21, 32 
^22, 31 
\ ^22, 32 / 



Gl 



G2 



Wll,21 

-bi 

I ^^21.31 

-h2 
bi 

\ 



-bi 
'L'11,22 

-b2 

1^21.32 



61 



bi 


1^22.31 
-62 





bi 

^22,32 / 



(46) 

(47) 
(48) 

.(49) 



and the parameters Vij ^i and hi arc defined as 



Ull,21 = 


'^21,31 + 


d^ 

"21,32 


^"11,21 


- d^ 

"11,22j 


^11,22 = 


d^ + 
"22,31 ^ 


d^ 

"22,32 


d^ 

"11,21 


- 9d2 
^"11,22' 


W21,31 = 


d^ 

"11,21 


2d2 

^"21,31 


- d^ 
'^21, 32 


- d^ 

"22,31' 


^21,32 = 


d^ 

"11,21 


d^ 

'^21,31 


2d2 

^"21,32 


- d^ 

"22,32 J 


^22,31 = 


d^ 

"11,22 


d^ 

'^21,31 


^"22,31 


- d^ 

"22,32 J 


W22,32 = 


d^ 

"11,22 


d^ 

'*21,32 


d^ 

"22,31 


- 2d22_32j 


bl — dii^2lrfll,22 


— C^21,31 


^22, 31 — 


cf21,32<^22,32 


^2 = 1^21, 31^^21, 32 


+ C?22,31 


^22,32- 





(50) 

As Gl and G2 are real symmetric matrices, we can diagonalize them by unitary 
transformation Ui,U2, respectively 



C/iGiC/f 



U2G2U2 





' An 











V 


A12 


)• 






/ A21 








' \ 


1 _ 





A22 
















A23 







*V 








A24 / 



(51) 
(52) 



where Aife, A2p are eigenvalues of Gi and G2, respectively. Introducing a set of new 
parameters 



'-'11,21 
(2) 



G 



= Ui 



11,22 




Gil, 21 
Gil 22 



<^ll,21 
(^11,22 



, (53) 
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/ "-"21.31 1 




"21,31 \ 


"-"21.32 




"21,32 




"-"22.31 






"22,31 


\ '-'22,32 / 




I d''^ / 
\ "22,32 / 



^ C2I.3I ^ 




f 1^21,31 \ 




(^21.32 
(^22.31 


- U2 


^21, 32 


,(54) 




(^22,31 




\ (^22.32 / 




\ (^22,32 / 





we can easily obtain that 

^(2) 



11,21 ~ AllOll,21, 



C 



(2) 



Al2Cll,22, 

^21,32 — '^22^21,32, (^22^31 = •^23C22,31, 

In terms of those new parameters, Vi can be rewritten as 



a 



(2) 



a 



11,22 

(2) 



21,31 = -^^21021.31, 



a 



(2) 

22,32 



A24C; 



22.32- 



(55) 



Vi = (1/11, 21, 2/11,22) 



fill, 21 

•^11.22 



(2/21,31, 2/21,32, 2/22,31, 2/22,32) 



/ ^21.31 \ 
^21, 32 
£^22, 31 
\ ^22, 32 / 



(2/11,21,2/11,22) 



C'11,21 
C11.22 



+ (2/21,31, 2/21,32, 2/22,31, 2/22,32) U2 



^ ^"21, 31 \ 
^"21,32 
(^22,31 
\ (^22,32 



(yii, 21, 2/11,22) 

,212/11.21 + 
-I- (^22, 31 2/22,31 



C'11,21 
^11,22 



4- (^21, 31, ^21, 32, ^22, 31, 2/22,32) 



/ C'21,31 
C'21,32 
C'22,31 
\ ^22, 32 / 



Cii ,222/11,22 4- C'21, 312/21, 31 
C'22, 322/22, 32, 



C'21, 322/21, 32 



where 



(yii,2i,yii.22) = (2/11,21,2/11,22)^/1 \ 

(2/21,31, y2i, 31, 2/21,31, y2i, 31) = (2/21,31,2/21,31,2/21,31,2/21,31)1^2 



(56) 

(57) 
(58) 



Similarly, we have 



V2 — C'J^IjI ^11.21 + C'n|22yil,22 4- C'2i|3iy21.31 



C'2l!322/21,32 



C'22^312/22,31 



C'22'32J'22,32 



= AiiCii_2l2/ll,21 -I- Ai2Cii^222/ll,22 + A21C21, 312/21, 31 

-I- A22C'21, 322/21, 32 + A23C22, 31^22, 31 + A24C22,322/22,32 , (59) 

Observing the Eqs. (|56l59p . both elements arc linear combition of six elements jjij^u- 
In the following we always require that 

All/0, Ai2y^0, Aii7^Ai2, Cii^21^0, Cii,22^0. (60) 

If all other A2/C {k ~ 1, 2, 3, 4) are vanishing, we can find that 

2/11,21 G Lo, 2/11,22 G Lq. (61) 
If sonic 7^ 0, we need more than Lie elements, which can be obtained by evaluating 



the following commutation relations V,r, 
that 



fi [iHo, [Kn-i, Vq]]. It is easy to check 



Vjn — A™ "'Cii^2l2/ll,21 + A^ "^C'ii_222/ll,22 + Aj" "'^C'21, 31^21, 



31 



+^22 C'21, 32^21, 32 + ^23 C'22, 31^22, 31 "I" ^24 C'22, 32^22, 32 € Lq. 



(62) 



Complete controllability of finite quantum systems with two-fold energy level degeneracy!! 

Wc then obtain AI those type of elements by choosing m = 1, ■ • • , M , where M is the 
number of non-zero A^j fc/'s. The coefficient matrix of those element is Vandermonde's 
matrix with non-zero determinant when all non-zero A's are different from any others. 
If this condition is satisfied, we again obtain the Lie algebra element (pT|) . As the 
transformation matrix Ui is nonsingular, we obtain 1/11.21,2/11.22 G Lq. In conclusion, 
the system with equal energy gaps is completely controllable if conditions (|60| ([T8| 
are satisfied and all non-zero A^j 's are distinctive. 

We remark that if all Ay ^ and Cij^u ^ 0, wc can obtain all six elements 
yij,ki G Lq from six elements Vm and then the generated Lie algebra is SU(5). In this 
case, we do not need to use Lemma 1 and thus the condition (jlSp is unnecessary. 

4-3. Controllability of systems with different energy gaps 

Now let us turn to the control of arbitrary iV-dimensional quantum systems. We first 
consider in this subsection the system with distinct energy gaps. 

Theorem 1 If ^ A^m"- — 2,3,...,A^— f, and the coupling constants satisfy the 
following conditions 



where p = dn, 21^21, 31 + dii, 22^22, 31, 9 = c^ii, 21^21, 32 + rfii, 22^22, 32, we have yii,2i, 
2/11.22 G Lq cind thus the system is completely controllable. 

Proof. We evaluate 



dii, 21(^^22,31 + 9^22,32) 7^ rfu, 22(^^21, 31 + 9^21,32), 



(63) 



N-l P: 



2 




n=l j=l k=l 
N~l /3„ 2 




(64) 



n=l j=l k=l 



From V' and V" , we have 



Vi=V" ~ fi%_,{iHi) 



JV-2 /3„ 2 




(65) 



n=l j = l fe=l 



Repeating this process for iHg and Vi leads to 

V2^ -[iHo,[^Ho,Vi]]-ti%_^Vi, 



N-3 /3„ 2 




11=1 j = l k=l 



After N — 2 iterations, we have 

riv-i 



Vn-2= l[{f^l-l^l) {d: 



'ii,2i2;ii,2i + c2ii, 222:11,22) G Lq- 



(67) 



n=l 



Since is different from any others, Y[n=i(l^i ^ I'-n) 0- This means that 
Vjv-2 ~ c^ii, 212^11, 21 + C?ll,22a;il,22 G Lq, 



(68) 
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and 

= lh^[iHo, V^_2] = dll,21 yil,21 + rfll,22 yil,22 G Lq. (69) 

To prove the complete controllability, we need to separate the Eq. (|68p to get 
2^11,21, •'J; 11, 21 G Lq. Let us discuss this in two different cases. 

Case 1: TV = 3. In this case, the commutator between V^_2 ^^^"^ 

= (j"^21,31 + grf21,32)a;il,21 + (pd22,31 + grf22,32)a;il,22 ■ (70) 

where Vb is given in Eq. pO)) . From (|68p and ((70|) . we know that, if condition (|63)) 
is satisfied, 111,21,2^11,21 S ^o- Then from Lemma [TJ the system is completely 
controllable. 

Case 2: N > 3. In this case, the commutator 

X = [[V^_2,VoiVo] 

= {Pd21.31 + 9^21,32)2:11,21 + (pd22,31 + 9^22, 32)2:11, 22 + 

(^^31,41 + 9^32,41)2:11,41 + (^^31,42 + 9^32,42)2:11,42 e io, (71) 

has two additional terms xhai and 2:11^42. Fortunately, we can remove those terms 
by evaluating 

X' = - (Ml +^i2+ l^3)T' {[^Ha, [iHo, X]] - i^ii + /i2 + ^l3fX^ 

= (j>d21,31 + 9^21,32)2:11,21 + (pd22,31 + 9^^22,32)2:11,22 e Lq. (72) 

From Eqs. (|68l72p . and the condition we obtain 2:11^21, 2:11,22 € Lq, and moreover, 
2/11.21,2/11.22 G -^0- The conclusion then follows from Lemma 1. 

4.4- Complete controllability of systems with equal energy gaps 

In this subsection we consider the system with equally spaced energy gaps, namely 
H = fii ~ fi2 ~ ■ ■ ■ ~ l^N-i 7^ 0. Let us first introduce some parameters 

{c^?i,2i+o'?i.22, i = l,.? = l; 

E 4,^+1- - E rf?-i7,y ' 2 < z < TV - 1; J - 1, 2; 
Q— 1 7—1 
^{d-N-ii^Nj + di\j_i2 ffj), * = TV; J = 1, 2. 

and 

^1 = C^ll, 21^11, 22 ~ c'21,3lC?22,31 ~ 1^2 1,32*^22, 32, 

fej = rfil,i+llrfil,i+12 + (^12, 1+11*^12,1+12 ^ 1^1+11,1+21^1+12,1+21 

— C?i+ll, 2+22^2+12,1+22, 2 < i < TV — 2; 
^TV-l = rfAr-ll,WlrfAf-ll,7V2 + '^Af-12,Wlrf7V-12,Af2- (74) 

Let V ~ iHi. We first observe that 

N-l I3i 2 

V = /.("^[zi^o, iHi] = X] X] X] dij,i+ikyi],r+ik e io- (75) 
i=l j=l k=l 
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Sum and difference of V with V give rise to 

N-l I3i 2 

~ ^ ^ ^ +yij,i+lk), 
i=l j=l k=l 

N-1 Pi 1 

^1 — ^ ^ ^ C^ij.i+lfcla^y^i+lfc — ?/ij,i+lfc)i 
j=l j=\ k=l 

which, along with their commutator 

^ N pi N-l 

i=l j=l i=l 

are all in Lq. Starting from V and V\°, we have 

N-l pi 2 



=/^" 



5Z "^ii.i+ifc yij.i+ik, 



(76) 
(77) 

(78) 
(79) 



1=1 j=i fc=i 



where we have assumed 6o = and introduced the notation 

'^ij,i+ik = Vi3,i+ikdij,i+ik - bidijs+ip + h-idia,i+ik-,P ^k,a^ i-(80) 
Repeating the process for n times, we obtain the clement Vn 

N-l Pi 2 

^"-EEE4-m.y^..+ifc' (81) 

i=i j=i k=i 

where the coefficients satisfy Eq. (|48|) for j = 1 and the following recursion relations 



^il,i+12 

^i2,i+ll 
(n+1) 
i2,i+12 



(d. 



= G, 



in) 

il.i+11 
An) 

hl.i+12 
An) 

^i2,i+ll 
\ "i2,i+12 



(82) 



where 



bi-i yi2,i+ii 





~b,. 



\ 



(83) 



bi^i -hi Vi2.i+i2 J 

is independent of n. Noting that the cocfhcicnt matrix Gi given in 



and Gi is a 

real symmetric matrix and can be diagonalized through unitary transformations Ui 
(see Eq. and Ui 

/ A,i \ 
A,2 
A,3 

V A,4 y 

where the diagonal elements Xij {j ~ f , 2, 3, 4) are the eigenvalue of Gj. 
Introduce a set of new parameters 



U^G^Ur^ = 



(84) 



/ G, 

G 



(n+l) 

{n+l) 
il,i+12 
Mn+1) 
^i2,i+ll 
\ Mn+1) 
\ ^i2,i+12 



G, 



An+1) 
"il,i+12 

An+1) 
"i2,i+ll 

\ "i2,i+12 



(85) 
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Then we can easily obtain the recurrence relations between these new parameters 

^(n+l) _ , ^(n) ^(" + 1) _ 1, ^(n) 

^(n+1) _ , ^(n) _ 1, ^(") (np\ 

<-^i2,i+ll — ^i3<-'i2,j+ll' ^i2,i+12 — ■^ti^i2,i+l2- \°^) 

We can rewritten the element ((5T|) as 

N-l Pi 2 N-l Pi 2 

= X! X! X! C-J^H-U-yy,»+lfc = X! X! X! ^Vjk^tjl+lkyv.^+ik e Lq, (87) 
i=l j=l k=l 1=1 j = l A:=l 

where m = 1, 2, M, pn = 1, pi2 = 2, p2i = 3, P22 = 4, and 

(yil,i+ll, 2/il,i+12, yj:2,'i+ll, yi2,i+12) = (2/il,'i+ll , ?/il,i+12 7 2/i2,i+ll , 2/i2,i+12) t/,; "'"■(88) 

Let M be the number of non-zero C'fj '+ifcyij,i-i-ifc in ([57)) . Then we get a set of 

equations about clj\_^_j^i^yij^i+ik whose coefficient matrix is the square Vandermonde's 
matrix. If the determinant of coefficient matrix is not vanishing, or in other words, 
all Xij are different from any others, we can obtain C^J^ ^212/11, 21, C'ii'22yii, 22 G Lq and 

further ?/ii, 21, 2/11.22 € Lq due to C'Ji'211 C'Ji'22 7^ and the unitarity of the matrix 
Ui. From Lemma [TJ we conclude that Lq = su(27V — 1) and the system is completely 
controllable. 

In summary, we conclude that 

Theorem 2 The degenerate quantum system with N equally spaced energy levels is 
completely controllable if the parameters satisfy the following conditions 

• Condition il8\) for the validity of Lemma 1; 

• Condition i6IJ\) : 

• All non-zero Xij are different from any others to guarantee determinant of 
Vandermonde's matrix non-vanishing. 

As an explicit example, one can check that the degenerate system with En = 
n — 1/2 and dij^i+ik — {N + 3 — i — j — /c)^/-^ is completely controllable. 



5. Conclusion 



In this paper, we have systematically investigated the control of quantum system with 
energy degeneracy using two different approach. The first approach is to apply a 
weak constant field to eliminate the degeneracy and then control it using techniques 
developed for non-degenerate quantum system. We first examine the conditions for 
the elimination of degeneracy and then address the issue of influence of relaxation 
time of constant external field to the target state by calculating the fidelity. 

We then investigate the completely controllability of degenerate system by a single 
control field only. It is found that the two level system is not completely controllable in 
this control scheme. But fortunately, the multi-level system with more than two energy 
levels are completely controllable if the energy gap and the value of the transition 
dipolc moments dnk,n+ip satisfy some conditions. Two different cases, namely the 
system with different energy gaps and with equal energy gaps, are considered as in 
the non-degenerate case. 

In the forthcoming papers we shall consider the control the quantum system with 
general degeneracy degree rather than just 2 in this paper. Such investigation might 
find applications in the control of molecular system and chain of qubits in quantum 
computation. 
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